
PHY456 Lecture $

Non-Degenerate, Time Independent
Perturbation Theory
--

ration:

-Only a handful of problems solvable in physics,

can simplify difficultproblems into ones that we're

actually able to solve.

ex. pendulum o =- Esink;w=

Taking sint=t is a linear ODE, very easy to solve.

But what if sint =o -it +aos) ismore important?

Consider harmonic oscillator potential Vo = Iw2x2 with a

small unharmonic term vi =i xx4:

mix = -Y = -w2x - xx3.

How to solve? Take XCH) as an expansion in 1:

X(t) =Xo(t +xX,(+) +Rxz(t)+...



which implice

mio +mxx, +MR2 = -wXo-22xx,-w2xX2-...

- x(Xo +xx, +xxz +...)

=-w2X - x(w2x, +x!)

-x(w2x2 +3x,x)
+ O(x)

Equating powers of i imply
Solve for Xo,

mio =- wx plug
in

solve for X, Mi, = -w2X, - X.
plug inC

Miz = -wXz - 3x3x, solve for X2,

I etc.

"

However note that each solution for each Xilt) requires 2

necessary boundary conditions for an exact solution; hence

nth order of perturbation ->2n* arbitrary constants.

FIRST ORDER NON-DEGENERATE

H=Ho +xH,

Ho =I +mw
H. =44 (no explicittime dependence in the H, perturbation)



Goal: Find sigenvales/states of it (4):HIR3.

Since stationary states are discretely valued, label (4): Inset**

thus we want HIV):Enly) as the stationary state

equation that we want to solve.

Let's expand (Ho+1H,) (n) = Enlns into expansions of orders

of X:

In) -> 1nx +X (n') + 14n23+...

En -> En +XEn+Ent...

such that HolnO):EIO) eg. En =hw(n+E) bEN.

We have

[Ho+x H,) ((no2 +x1n' +x4n27+...) =(En+ XEn't...) (1n> +xvx+...)

Expendings equating powers of agive

COC Ho (n°>=EpIno) (triviall

<
Holn' +HiInY =Enn') +En'Ino>

(2)
Holns +Hi (n2) =EnIn2 +EnI423+En2In2



Observe that (1) implies

Ino>En =Holn' +Hilo - In En

=>

(monoy En=(m"Holn's - (molHiIno) - (moa'L En
e en

Sven Ein (mon')

Ist order correction to th energy level;
min:En=(nol H'In

expectation value of perturbation in unpertubilate
M7n: 0 = (Em" - E) (mon') + (mo/H'Ino>

or (MY =<MPH,InL Expansion of firstcorrection to the

Em" -Emonth eigenstate in terms of unpertubed
States

In general, since [lmos] is a complete set,

In=21M0> <mo/n'

--
2 (mo> <moln' + In°><noln'
Mt no
e -

known must be 0 by
normalization:

In) =1n0> +x 10'x+...

and (non =1 (from unpertubed harmonic oxilluto states)

\n12 =(<n01 + x(n'l+...) (1n°> +x1n +MYr2L-...)

=(no/nos +x(<n'lnox+(non's) + x2((n2nos +(ullul +...)-



=1 +O(XY if working toorder X, so

(demund)

=>[noIn:is (take 2 =0 for now).

Therefore

En =En +x (no1H, 1n°) +0(x2) 1storder,
non-degenerate PT.

In) =Inox +x5 Imocomoting

<n/n7 =1 +O(xY

Enforce criteria XCC), and I (MolH,/nos) <IEn"- Emo

so second term doesn'tblow up.

For our unharmonic oscillator above, we find that

En=twoche) + wor (6n2 +6n+ 3) +acx)

3 Lurse ifa large,
:We have

constraints.

PT. Has limited applicability.



SECOND ORDER NOW-DEGENERATE

Same problem: H =H0+xH, Holnoz =EnIO2.

Recall the powers of
aafter expansion:

a()
Ho (n0) =EnOIL

als
Holn') +Hil): EnInK + EnInos (gives In, En
o
Holn +H, In' =EnIn+EnInK +EnIn

Same procedure: multiply through by smol on O(XY:

(m%Holn2 + (m01HIn' =En[molr +Enmoln' +En Sum

-><moln (Em"-EnY) - En /mon' +<MOH,In' =En Sum

M=n:En=<no1H, In') (moln') =ix +0) known

-

3-(no/H,E Imos (multis) Imossmont

=I, [201H, IMO) (mo1H, In

Em=En
MAR

In01H,Iwo> 12
=E

Em" - En
Man

Thus



En= En +x (noHiln +x2Emmett
A shiftofenergy to 0(x).

Wavefunction 2nd order correction Iris similar, but as order increases

series get more complicated.

and order importantas there may/may notbe an energy shift at

first order; diagonal matrixelementcould vanish by symmetry.

Stark Effect for Ground State Hydrogen

Label H States Trem=(x1nem).

Take the hydrogen Hamiltonian Ho: -82-e
with perturbative term H, =e a. r where is an applied

homogeneous external field. What iseffectof aon ground state?

First-order energy shift Eloos:<1001e2.5/100L

=(100 (100) eE

=0 by parity symmetry...

(1001 F(100) = -(1001 5/1007

in H ground State.



Second-order energy shiftEciorl= e292on theTame =EEno generality loss

Einems=-Rynt so

Enos - Einems=-Ry(1-n2)

which all are negative.

e222

lExcalderamyolze= Enos-Ein mfolnemizlo

-Erin - Erie (m Knemizlloos -Host
-
22a &

(1001z/nem> <nm/z11007
Err?-Einn nem ne

(completeness)
e

-E-E?o
So

or IE,oil tener -as

and the second order correction is E,Yor=2E-s"
G

occurs because I is electrically neutral,

no dipole moment, so I polarizes the

atom, generating an electric dipole

Polarizability is x
=5.2a (exact 4.550)



Higher-order states require degenerate perturbation theory.

Multiple Atom State

Considertwo H-like atoms, far apart(r<>20) both with 0 charge,

but with dipole/quadrupole moments.

I =
- 4,.z +3(d,n)(dz-n)

53

where It:
Fontara

HumanismsLet H =Hr +Y

Firstorder:interaction energy is [PolU/Yr) With 40:Yo, (r.) You(F)

butdiagonal dipole matrixelements in stationary (S)-states

Since the state

vanish, so first-order correction is absent. is symmetricunder
exchange of States)

Second-order:r-dependence isa KY) and is 20 here

Einteraction"-1 -Van-Der-Waals attraction
r6

At close distances electrons repel of course.




